Introduction
The dynamic response of slender structures is often dominated by resonance, which is effectively reduced by vibration absorbers that are optimally synchronized with the critical vibration form of the structure. The classic concept is that of the mechanical tuned mass damper [1, 2] shown in Fig. 1(b) , in which the absorber mass is suspended to the flexible structure via a spring and a viscous damper. Mechanical vibration absorbers with two terminal connections can be realized by combining springs and dampers with so-called inerter elements [3, 4] , where the inertance is produced by for example a ball-screw driving a flywheel [4, 5] . Inerter based vibration absorbers have recently been proposed for vibration suppression of structures in [6, 7] , while [8] considers the calibration of various types of inerter-based absorbers. In smart structures technology two-terminal resonant absorbers can be obtained by piezoelectric [9, 10] or electromagnetic [11, 12, 13, 14] shunt circuit concepts, where [14] demonstrates the equivalence between the electromagnetic transducer and the mechanical inerter element.
Mechanical vibration absorbers may also be modified by active elements to enhance the overall damping performance or reduce the required absorber mass [15] . Furthermore, active resonant control strategies may be formulated in terms of so-called virtual vibration absorbers [16, 17] , which are used to design feedback control laws by equivalence with desirable mechanical absorber systems, or in terms of filtered acceleration or displacement feedback control [18, 19] . The present paper proposes a two-terminal passive-active vibration absorber with integrated force feedback control. The concept of integrated force feedback control is suitable when an active unit is placed in series with a deformable structural element. It has been effectively employed by Preumont and co-workers for active control of piezoelectric struts [20] , in tendon control applications [21] and in a base-isolation system [22] . Modified integral force feedback formats have recently been considered for damping of structures by a piezoelectric transducer [23] or a hybrid viscous damper [24] .
The present absorber is composed of a passive unit in series with a hybrid unit, represented by an active actuator in parallel with a second passive element. The actuator displacement is controlled by integrated force feedback with the difference in measured absorber force between the two passive units as sensor input. Hereby, the resulting (frequency) properties of the hybrid unit appears as the sum of the individual contributions from the active actuator and passive element, respectively. This implies that stability of the hybrid element guarantees stability of the entire passive-active vibration absorber. A resonant form of the passive-active vibration absorber is introduced by creating an inertia force actively by the integrated force feedback control or passively by an inerter element. Calibration formulae are presented for two specific configurations:
An inertia-based absorber equivalent to a tuned mass or inerter damper [1, 2, 6 ] and a stiffnessbased absorber similar to that of piezoelectric RL shunt damping [9, 10] . Numerical examples demonstrate the efficiency of the two resonant absorber formats when compared to the optimally tuned viscous damper. Figure 1 shows a flexible structure with two different types of supplemental devices: (a) a twoterminal absorber and (b) a mechanical tuned mass damper. In the case of harmonic motion with angular frequency ω the governing structural equations of motion are
Structure with absorber
where u contains the harmonic amplitudes of the structural degrees of freedom, f e represents the corresponding external load components, M is the mass matrix and K is the stiffness matrix.
The force f from the supplemental absorber acts on the structure at the location(s) defined by the connectivity vector w. The displacement of the structure at the location of the absorber is consequently defined as
whereby f produces work through u. In Fig. 1 (a) the two terminals A and B of the absorber connect two points on the structure with relative displacement u, while in Fig. 1(b) u is the displacement of the structure at the location of the tuned mass damper. The connectivity vectors are indicated for both absorber types in Fig. 1 .
Absorber format.
A general passive-active vibration absorber format is shown in Fig. 2(a) with terminals A and B representing the attachment points. The absorber is composed of a passive unit with frequency transfer function H d (ω) in series with a hybrid unit, represented by an active actuator with controllable displacement q and an additional passive element with transfer function
The deformation of the passive unit is u − q and the absorber force is therefore given as
In the adjacent hybrid unit the force produced by the additional passive element is
where the actuator displacement q is actively controlled by an integrated force feedback strategy.
As shown in Fig. 2 (a) the present vibration absorber contains two force sensors, measuring the resulting absorber force f and the force f q in the passive element of the hybrid unit, respectively.
The desired absorber format is obtained by an integrated force feedback equation Elimination of f q by substitution of (4) into (5) gives the frequency relation for the hybrid unit,
Thus, the feedback control in (5), with the force difference f − f q as input, implies that passive components in H q (ω) and active components in G q (ω) are combined to form the resulting function
, operating in series with the passive unit H d (ω), as illustrated in Fig. 2(b) . Furthermore, it follows from (6) that the passive-active vibration absorber has guaranteed stability as long as a mechanical analogy is available for H q (ω) + G q (ω), for example composed of springs, dampers and inerters.
The actuator displacement q is obtained as function of the absorber deformation u by substitution of (3) into (5),
The passive force f q is then determined by (4), while the absorber force f follows from (6) as
It is seen that the denominator is represented by the sum of the three frequency transfer functions, and a resonant form of the vibration absorber therefore requires that at least one of the three transfer functions contain an inertia term proportional to −ω 2 .
Resonant absorbers.
Numerous damper and absorber configurations are covered by the general format in Fig. 2 (a), but in the following only resonant vibration absorbers are considered. Figure 3 shows three versions of the same resonant vibration absorber, with a passive unit
containing a viscous damper c d and spring k d in parallel. In all three cases the resulting transfer function of the hybrid unit is
with apparent inertance m q , viscous parameter c q and stiffness k q . In Fig. 3 (a) the hybrid unit is realized actively with H q (ω) = 0 and It follows from the additive format in (6), also illustrated in Fig. 2(b) , that a passive-active form of the hybrid unit can be obtained by simply combining the passive and active elements in H q (ω) and G q (ω) to form the sum H q (ω) + G q (ω) in (6) . Figure 3 (c) shows a passive-active hybrid unit, where the inertia contribution −ω 2 m q is introduced by a mechanical inerter with inertance m q , while stiffness and damping in this case are realized actively by the first order integration filter G q (ω) = iωc q + k q . This combined configuration could be of practical interest because mechanical inerters can induce significant inertia forces at small vibration amplitudes due to their large gearing ratios of more than 1:200, see [4] . Furthermore, the stiffness contribution k q could be divided into a passive and an active part to secure a restoring force alongside the mechanical inerter component.
Modal equations
Resonant vibration damping requires accurate parameter calibration with respect to the modal properties of the targeted vibration form of the flexible structure. The mode shape vector u s and the natural angular frequency ω s of the structure are determined by the eigenvalue problem associated with (1),
The modal equation of motion with respect to the normalized mode shape vector u s /(w T u s )
follows from (1) as
with modal mass m s , modal stiffness k s , modal load f e and natural frequency defined by the stiffness to mass ratio ω
In (8) the displacement u contains contributions from both the targeted vibration form and the residual non-resonant modes. As demonstrated in [25, 26] the influence of spill-over from nonresonant modes can be represented by the extended modal representation
where u s is the modal coordinate, while κ s is a non-dimensional flexibility parameter
representing the quasi-static influence from the non-resonant vibration modes of the structure. In (14) k s represents the structural stiffness over the absorber terminals when considering only the resonant mode, while w T K −1 w is the quasi-static flexibility over the absorber terminals when including all modes. Consequently the first term in (14) is always larger than unity and κ s is therefore non-negative. The quasi-static correction in (14) is suitable for damping of the first vibration mode, while an augmented quasi-dynamic correction has recently been developed for targeting higher modes [27] .
The force relation (8) is now expressed in terms of the modal displacement u s by substitution of (13),
The combined modal equations (12) and (15) 
Resonant absorber calibration
Resonant vibration absorbers are effectively calibrated using the balanced concept of equal modal damping [26, 28] . It is a pole-placement approach where the coefficients of the quartic character- 
Because of the equivalence with the tuned mass damper the governing absorber parameters are directly determined by the calibration expressions presented in [25] ,
The actual absorber parameters m q , k d and c d are subsequently obtained by (16) for a given mass ratio µ, conveniently determined with respect to a desired supplemental damping ratio ζ des as µ = 8ζ
This explicit parameter calibration is also directly applicable for the tuned inerter damper considered in [6] , with optimal absorber location being the only difference to the tuned mass damper [25] . For the pure passive absorber the inertia in H q (ω) = −ω 2 m q is realized by a mechanical inerter element, while for the active realization the control equation G q (ω) = −ω 2 m q contains a double integration of the measured absorber force, which might be sensible to actuator saturation from low-frequency sensor input [29] . The calibration of the stiffness-based absorber follows the equal modal damping procedure outlined in [28] for a family of resonant control formats and in [26] for piezoelectric damping with RL (resistive-inductive) shunt circuits. The characteristic equation is obtained from the denominator of the frequency response function u s /f e ,
introducing the stiffness ratios ν and α and the filter damping ratio ζ q as
with ω d given in (16b). For α = 0 the equation (19) exactly recovers the characteristic equation
for piezoelectric damping with a series RL shunt circuit. Therefore, the calibration procedure in [26] is conveniently applied with the two stiffness ratios ν and α as given system parameters, and with ω d and ζ q determined by the calibration procedure,
The actual absorber stiffness components are determined as k d = νk s and k q = αk d for given values of ν and α, respectively. Subsequently, the inertance m q and damping c q are obtained from (21) together with (16b) and (20c), respectively. For the present stiffness-based absorber the stiffness ratio ν is chosen with respect to a desired level of supplemental damping ζ des . According to [26] the stiffness ratio ν should therefore be determined as
assuming that the stiffness ratio α of the hybrid unit has been chosen to secure suitable filter properties in the control equation (5). Table 1, while the corresponding results for stiffness-based configuration are presented in Table 2 . In both tables the two final columns provide the damping ratios ζ for the two modes associated with the first vibration form of the structure.
Damping of flexible structure
The equal modal damping calibration of resonant vibration absorbers implies that the complex roots lie on the same line through the origin of the complex plane, while the desired damping ratio ζ = ζ des corresponds to trajectories along ±45 • paths, indicated by the dotted lines in Fig. 5 . In depth explanations of the equal modal damping properties are provided in [28] . It is seen in Fig. 5 that the trajectories of stiffness-based absorber follow the desired ±45
• lines more accurately than for the inertia-based absorber, where in particular the low-frequency branch deviates from the Table 1 . Parameters and damping ratios for inertia-based absorber (c q = 0, k q = 0). desired path. As seen in Table 1 the inertia-based absorber leads to almost equal modal damping, however slightly below ζ des , while for stiffness-based configuration in Table 2 ζ des is accurately reproduced. For the optimal viscous damping represented by the magenta asterisks the maximum damping ratios are ζ vis = 0.0258 for ℓ a = ℓ/4 and 0.0069 for ℓ a = ℓ/2. Thus, compared to optimal viscous damping both vibration absorber configurations yield a substantial increase in damping ratio by a factor of two for ℓ a = ℓ/4 and four for the more indirect location at ℓ a = ℓ/2.
5.2.
Frequency response analysis. The frequency response characteristics are investigated by applying a harmonic tip load with frequency amplitude F in f e . The dynamic amplification factor of the transverse tip displacement u tip is shown in Fig. 6(a,b) , while the curves in Figs. 6(c,d) is larger than the corresponding absorber force, which demonstrates that the proposed passive-active vibration absorber achieves a significant response reduction at lower force levels compared to the viscous damper. In particular, the results in Figs. 6(b,d) for ℓ a = ℓ/2 show that compared to the optimal viscous damper the passive-active vibration absorber is very effective at indirect absorber locations, provided that the κ s -correction is included in the calibration formulae.
Summary
A general passive-active absorber format contains an integrated force feedback control with sensor input represented by the difference in force between the two passive absorber elements. A five-parameter resonant vibration absorber is investigated in detail, where k d and c d constitute passive stiffness and damping, while the resulting inertance m q , damping c q and stiffness k q of the hybrid unit can be realized by a combination of passive and active contributions due to the format of the proposed force feedback control. Two particular configurations are presented because they are tunable by the equal modal damping procedure described in [26, 28] . For both configurations explicit design expressions are presented for the absorber parameters, which take into account the influence from residual vibration modes by the background flexibility parameter κ s . The results show that the proposed passive-active vibration absorber introduces large attainable damping and provides effective resonant response reduction with limited absorber force amplitudes. In particular, the stiffness-based absorber demonstrates good damping performance and is furthermore suitable for active realization due to the non-vanishing k q and c q components in G q (ω), which limits the influence from actuator saturation. The specific absorber configuration of course depends on the particular problem, and obviously the robustness of pure passive absorbers is attractive.
However, the vibration absorber is apparently effective at very indirect absorber locations with limited authority and absorber displacement. Thus, it might be applicable for smart actuators of for example piezoelectric type, in which k d and c d then represent mechanical stiffness and hysteresis, respectively, while the elongation q is actively controlled via the applied voltage across the transducer electrodes [29] .
